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We consider two types of conditions on an operator on a Banach space which 
ensure that it is the generator of a semigroup of contractions. First, S. Sakai’s 
concept of commutative normal *-derivations of UHF algebras is generalized to 
“approximately commutative operators” on Banach spaces. Next we consider 
the situation in which the domain of the operator contains an increasing sequence 
of “approximately invariant subspaces,” and generalize results of A. Kishimoto 
and P. E. T. Jorgensen. A corollary is the existence of time development for 
two-dimensional quantum lattice models when the average surface energy per 
unit surface is uniformly bounded in the volume. 
1. INTRODUCTION 
Let X be a Banach space, and let L be a densely defined linear operator on X, 
L: D(L) C XH R(L) C X. Assume that L is dissipative, i.e., for all nonzero 
elements A E D(L) there exists a nonzero linear functional f E X* such that 
f(A) = l]f/lII AlI and Ref(L(A)) < 0. If there exists an increasing sequence 
I’, of closed subspaces of X, such that (Jn V, is dense in X, Un V,, C D(L) and 
LV, _C V, then it follows easily that (Jn V, is a core for L, and the closure E of L 
is the infinitesimal generator of a contraction semigroup t E lR+ H U, on X, 
i.e., t +-+ U, is a strongly continuous mapping such that U,, = 1, U,,, = lJ,U, , 
11 U, /I < 1 andL = d/dt It=,, U, . In fact U, Iv = exp(tL IV,) in this case. 
This result can be generalized in two directi”ons. 
1. If there exists a uniformly bounded sequence of projections P, from X onto 
V, such that P,L = LP,, and P,P,, = P,P, = Pn,wL, then L, = P,LP, is a 
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family of bounded linear operators, converging pointwise to L on (Jn V, ad, 
furthermore 
L,L, = P,LP,,,LP, 
= P?LmLP?wnLPn,,n = LL2 
for all 11, m. We say that L is a commutative operator. In Section 2 we will study 
conditions on the commutators L,L, - L,L, of a more general sequence L, 
of bounded operators which ensure that the graph limit L of L, is a generator. 
This generalizes a result on commutative normal *-derivations on UHF algebras 
obtained by Sakai [I 81. 
2. Consider dissipative operators L such that L no longer leaves the subspaces 
V, globally invariant, but nevertheless maps V, into a subspace which is close 
to V, in an appropriate sense. Typically we choose a double sequence Ln,rr,: 
vn * vn+m of bounded operators, and impose growth conditions on jj L Iv, - 
L,,, //. We obtain two results in this direction by completely different methods. 
We show that (Jn Vv, is a core for L, and the closure of L is a generator under 
either of the two assumptions 
IIL Iv,, -L*,ll < O(l) 
or 
for some (Y > 0. By a slight variation of the proof of the latter result we can also 
prove the theorem under the intermediate condition 
II L 1 V” - L,, II < op% 4 (A) 
for some ol > 1. 
The first of these results generalizes theorems of Kishimoto [7] and Jorgensen 
[5, Theorem 51, and the new proof simplifies the original ones. The result gives 
an affirmative answer to Problem 5.1 in [19]. 0 ur second theorem is an extension 
of results of Jorgensen [5,6]. He works with the more restrictive assumption that 
L has finite range, i.e., 
LVTa c v,,, , 
ilL IV,, -L,, II < O(n) 
The theorem is proved for dissipative operators L on Hilbert spaces X under 
these assumptions in [5]. In [6], the theorem is proved for Banach spaces under 
the further restriction that there exists a fixed, dissipative operator M such that 
L n,cl = MI,. 
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This restriction is unsatisfactory because it makes the theorem applicable only to 
one-dimensional quantum lattice systems. The proof of our theorem is based on 
extensions of an idea from [6], and to cope with the long-range behavior we use 
an idea from [ 131. 
Reference [5] contains examples of symmetric operators L on Hilbert spaces X 
such that 
L vn c I’, ,&I , 
IIL ‘V,, -L,,, 11 < qny, 
but L is not essentially self-adjoint on (Jn G’,; i.e., the theorem does not extend 
from O(n) to O(n2). Less surprising is the fact that the long-range conditions 
LV, C Vn+l or 
cannot be omitted completely, because by changing the indexing in n this would 
mean that any dissipative L with Un V,, C D(L) would be a generator. (Note that 
L ! VT‘ is bounded by the closed graph theorem.) 
2. PRELIMINARIES 
For the convenience of the reader we collect here some standard results in the 
theory of semigroups U of contractions on a Banach space X. Such groups will 
always be assumed to be strongly continuous; i.e., t H U,A is continuous in 
norm for each A E X. The concept of dissipative operator was introduced by 
Lumer and Phillips in [9], and a proof of the following result can be found there 
or in [I, 201. 
PRELIMINARY 2.1. IjL is a dissipative operator on a Banach space X, then L is 
closeable and its closure L is dissipative and satisfies the bound 
for all A E D(L) and all h > 0. 
Thus L is a generator of a semigroup of contractions ij and only ij (h - L) D(L) 
is dense in X for some X > 0. In this case a subspace D C D(E) is a core for E if and 
only if (X - e)D is dense in X for some A > 0. 
Let L, be a sequence of operators on X, and let G(L,) C X x X be their 
graphs. Define 
G ~7.. !;li G(L,) 
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as the set of pairs (A, B) E X x X such that there exists a sequence (A, , 
B,) E X x X with A, E D(L,), B, = L,A, , and 
A = l&A,, B = lim B,. nwr 
Define D(G) as the set of A E X such that there exists B E X with (A, B) E G, 
and define the range R(G) analogously. If G is the graph of an operator L, 
then 1, is called the graph limit of L, . Then clearly D(L) = G(G). 
The following fact is proved in [8]; see [I]. 
PRELIMINARY 2.2. Let L, be a sequence of operators on a Banach space X, and 
assume that 
for all A E D(L,), all h > 0, and all n. Let G = lim,,, G(L,) and assume that 
D(G) is dense in X. 
It follows that G is the graph of a closed, densely de&ted operator L and 
II@ - L)A II 2 X II A I! 
for all A E D(L) and all h > 0. 
The most interesting feature of graph convergence is that it is equivalent to 
convergence of semigroups. Part of the following result is standard Kate-Trotter 
theory [20], while the part concerning graph convergence was proved more 
recently by Kurtz [S], and for Hilbert spaces by Glimm and Jaffe [4]; see [I]. 
PRELIMINARY 2.3. Let U, be a sequence of semigroups of contractions on a 
Banach space X with generators L, , and define graphs G,, and operators R, for 
h > 0 by 
and 
GA = In;_mx G(X -L,) 
R,A = lim (A - L,)-lA 
n+x 
for all A such that the limit exists. Then the following four conditions are equivalent: 
(1) There exists a semigroup U, of contractions such that 
lim U,,+A = U,A 
n+* 
for all A E X, and t E t E DB, , uniformly for t in compacts. 
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(2) As (I) with “umformly for t in compacts” deleted. 
(3) D(R,) = X and R(R,) is dense in X for some X > 0. 
(4) D(G,) and R(G,J are dense in X for some h > 0. 
In this case we have 
G, = G(h -L), 
R, = (A - L)-’ 
for all X > 0, where L is the generator of U. 
A particular case of graph convergence, which has previously played a large 
role in the theory of unbounded derivations of C*-algebras [2, 12, 131 is the 
case L,A -+ L’A for all A in a dense domain D(L’) C fin D(L,). Then L’ is 
automatically closeable, and condition (4) of Preliminary 2.3 is fulfilled if 
R(X - L’) is dense for some X > 0. In this case the graph limit L is just the 
closilre of L’. We have preferred to formulate our theorems with the notion of 
graph limits L rather than pointwise limits L’, since the latter formulations 
always involve an element of arbitrariness in the definition of D(L’), and hence a 
question of extensions. This also makes the theorems potentially more general 
since it is well known that L can be a generator without & D(L,) being a core for 
L. 
Preliminary 2.4 describes a form of graph convergence which is tailormade for 
the treatment of approximately invariant subspaces in Section 4. 
PRELIMINARY 2.4. Let X be a Banach space, let V, be an increasing sequence of 
closed subspaces of X such that Un V, is dense in X, and let L, , L be generators of 
contraction semigroups on V, , X for n = 1, 2 ,... . 
Then the following two conditions are equivalent: 
(1) lim,,, etL*B = etLB for all B E Un V, , and all t E [0, co), unsformly 
for t in compacts. 
(2) L is the graph limit of L, in the sense that for any A E D(L) there exists 
a sequence A,, E D(L,) such that 
lim 
,I )1 
A, = A, lim L,A, = LA. n-,a 
Proof. This is a small extension of (4) 0 (1) in Preliminary 2.3, and (2) 3 (1) 
has been proved in [8, Theorem 2.11 under the assumption that there exist 
bounded linear maps P, from X into L, such that lim,,, P,,A = A for all A E X. 
The existence of P,, is not necessary, however, by the following argument. 
If B E Un V, , and a, E > 0 are given, choose A E D(L) such that 
I/ A - B 11 < c/4. 
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If X > 0, define 
c = (A - L)-IA. 
As L is the graph limit of L, , there exists C, E D(L,) such that 
lim C, = C, lim L,C, = LC. n+n: n+m 
But then 
and hence 
A,-(X-L&J,-+@-L)C=A 
s 
OL 
dt e-“t(etLnA,, - etLA,) 
0 
= (A - L,)-l A,, - (h - L)--l A,, 
= C, - (A - L)-l A, + C - (X - L)-‘A = 0. 
Again, as L is the graph limit of L, , there exists a sequence A; E D(L,) such that 
A:,+A, L,A; + LA. 
But then 
and 
It follows that 
11 etLA, - etLA II < /I A, - A I/ --f 0. 
s 
oc 
lim dt eeA’(etL”Ah - etLA) = 0. 
n+n n
But since L,Ak + LA, it follows that the functions 
t t-+ etLnAh - etLA 
are equicontinuous in n = 1,2, 3 ,..., and by Fourier analysis [8, Lemma 2.111 
it follows that there exists an N such that 
for all n > N and all t E [0, a]. But then 
11 etLnB - etLB 11 
< I/ efLn(B - Ak)jl + I/ efLnAh - etLA I/ + ~1 etLA - etLB 1) 
< 11 B - A II + II A - A; /I + II efLn4 - etL.A II + II A - B II 
<c 
for 71 ;z N and t E [0, a]. 
The proof of (1) 3 (2) goes via resolvent convergence in a standard manner. 
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3. APPROXIMATELY COMMUTATIVE OPERATORS 
Our main result in this matter is 
THEOREM 3.1. Let L, be a sequence of bounded operators on a Banach space X 
which generate contraction semigroups e jLn and assume that their graph limit L is 
densely defined. Furthermore, assume that the graph limit S, of L,L,,, - L,,L, as m 
tends to infinity is a bounded operator, and there exists a constant M > 0 such that 
for all n, m. 
It follows that L is thegenerator of a semigroup of contractions etL, and 
efLA = lim efL.A 
?l 4 T 
for all A E X and t > 0, uniformly for t in compacts. 
Proof. L is a well-defined closed operator by Preliminary 2.2, and Preliminary 
2.3 implies that it is enough to show that R(X - L) is dense in X for some A > 0. 
The identity 
(A - L&i - L&l - (h - L,))l(h -L,,) 
= (A - L,)-1(u%, - L,-L)(~ - JQ1, 
the existence of S, = lim,,, LC,,< - L,,L, and a simple graph limit argument in 
m implies that if A E D(L), then (A - L,)-‘A E D(L) and 
(A - L)(X - L,)-lA - (A - L,)-l(X - L)A 
= (A - L&Y&(X - L,)-‘A. 
Since lim n+& - L,)-‘(X - L)A = A, th’ is implies that the distance between 
R(h - L) and A (i.e., infBERtneLj I/ B - A 11) is less than or equal to PM I/ A 11. 
Now choose X so large that PM < I, and let f E X* be a linear functional 
vanishing on R(X - L). Then 
for all A E D(L), and since D(L) is dense this implies 
ilf ‘I < A-‘Mllf I/ 
and thus f = 0. It follows that R(h - L) is dense. 
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An unpleasant feature with Theorem 3.1 is the assumption that 
lim L,L, - L,,L, = S, rn’7; 
exists. In the main applications we have in mind, to inner limit derivation of 
UHF algebras, this condition is, however, fulfilled under quite general circum- 
stances, and the real problem is the growth estimate on I/ S, 11. This is clear from 
the following corollary. The condition in the corollary may be satisfied for 
one-dimensional quantum lattice systems. The corollary generalizes a result of 
Sakai [ 181. 
COROLLARY 3.2. Let 21 be a C*-algebra, let K,, = K$ E 21 for n = I, 2,..., 
and define derivations SiK, of 21 by 
SiK,(A) = iK,A - iAK, , 
Assume that the graph limit 6 of &, is densely defined, and, furthermore, assume 
that K, E D(S) and there exists a constant M 2 0 such that 
for all m, n. 
It follows that S is the generator of a one-parameter group t H 7t of *-automor- 
phisms of 21, and 
for all A E 21 and all t E I&!, uniformly for t in compacts. 
Proqf. S is clearly a *-derivation of 2f, and since K, E D(S) one has that 
s o %K,, - %K, OS = siB(K,,) * 
As S is the graph limit of Si,_ this implies 
and hence Theorem 3.1 implies that S is the generator of a one-parameter 
group of isometries. This is a one-parameter group of *-automorphisms by 
[l-3, Ill. 
352 BRATTELI AND KISHIMOTO 
4. APPROXIMATELY INVARIANT SUBSPACES 
The following technical lemma will be useful throughout this section. 
LEMMA 4.1. Let L be a dissipative operator on a Banach space X, let V be a 
closed subspace of X such that V C D(L), and let L,: V c-, V be an everywhere- 
dejned operator. Assume there exists a constant M 3 0 such that 
I’L Iv -Loll < M. 
It follows that L, - Ml is a bounded, dissipative operator, and in particular 
(A -L&l exists for /\ > M and 
Proof. As L IV is closed, it is bounded and hence L, is bounded. Let 
A E V\(O). As L is dissipative, there exists an f E X* with //f Ij = 1 and f (A) = 
// A 1) such that Re f(LA) < 0. But then 
Ref ((Lo - M)A) 
= Ref((L, - L)A) + Ref(LA) - Ml\ A II 
< Ml1 Ail + 0 - MI1 AlI = 0. 
Thus L, - M is dissipative, and L, - M is the generator of a norm-continuous 
group of contractions. The last statement of the lemma is a consequence of 
Preliminary 2. I, i.e., 
ll(h -L&l ~1 = ~I(h - M - (L,, - M))-ll~ GA+@. 
4.1, One-Dimensional Theory 
We will now treat the case of uniformly bounded surface terms. 
THEOREM 4.1.1. Let L be a dissipative operator on a Banach space X, and 
assume that there exists an increasing sequence V,, of closed subspaces of X such that 
(Jn V, C D(L) and the closure of (J,, V, is X. Assume that there exist linear 
operators L,: D(L,) = V, H V, and a constant M > 0 such that 
fm all 71. 
~1 L i Y,, --A GM 
It follows that (Jn V, is a core for L, and the closure of L is the generator of a 
sem@oup of contractions. 
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Proof. By Preliminary 2.1, it is enough to show that (h - L)(& I’,,) is dense 
in X for some h > 0. We may assume that L is the closure of its restriction to 
Un v?l. 
Let A > 2M, and let f~ X* be a functional which is zero on R(h -L), i.e., 
In particular, for A E V, we have 
If@ - LPU = IfW - kM)I 
< Ilf II WI A II 
and hence, for A E V,, , using Lemma 4.1, 
lf(4 < Wfll 11th -LnYA II 
< &llf II II A II. 
As Un V, is dense, it follows that 
Ilf II < &llf II 
and hence f = 0. Thus R(h - L) is dense. 
As a corollary we get a slight generalization of Kishimoto’s existence theorem 
of time development of quantum lattice systems in the presence of uniformly 
bounded surface energy [7]. Recall that a *-derivation 6 of a C*-algebra ‘8 is a 
linear map defined on dense *-subalgebra D(6) of ‘% into 2I such that 
S(AB) = S(A)B + AS(B), S(A*) = S(A)* 
for all A, B E D(S). 
COROLLARY 4.1.2. Let ‘2X be a C*-algebra with identity, and let 21z, be an 
increasing sequence of sub-C*-algebras of ‘8 such that U,, ‘u, is dense in ‘2l. Let S 
be a *-derivation of ‘Ql with domain D(S) = U,, %,, , let M > 0, and assume that 
for each n there exists a bounded erivation 6, of rU, such that 
II s II, - 8, II < M. 
It follows that S is closeable, and its closure 8 is the generator of a one-parameter 
group of *-automorphism of 2l. 
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Pro~$ Since UT1 91, is closed under the square root operation of positive 
elements, and CLI has an identity, it follows that 6 and -S are dissipative, by 
[7, Theorem 21. Thus Theorem 4.1. I applies. 
Remark. In Theorem 4.1.1 (and Corollary 4.1.2) no statement is made about 
the convergence of efL, toward etL. If all the L, are dissipative, however, and, 
for example, we have 
for each n, then 
etLn I L A-te A 
for all A E Un V, , and all t E [0, co), uniformly for t in compacts. This follows 
from Preliminary 2.4. Trivial examples (L bounded, L, = L’ #I,) shows that 
convergence does not follow from Theorem 4.1 .I above. 
4.2. Two-Dimensional Theory 
We now turn to an analysis of linearly growing surface terms. While the proof 
of Theorem 4.1 .l was simple, but mysterious, the proof of the following theorem 
is based on an explicit perturbation expansion for the semigroup of contractions. 
This theorem is in fact a generalization of Theorem 4.1.1 in the case where all 
the subspaces I/, are finite dimensional. This follows by changing the indexing 
in n in Theorem 4. I. 1, and employing Cantor’s diagonalization procedure. 
THEOREM 4.2.1. Let L be a dissipative operator on a Banach space X, and 
assume that there exists an increasing sequence V, of closed subspaces of X such that 
the closure of (Jn V, is X and 
0 V, C D(L). 
71 
Furthermore, assume that there exist linear operators 
and constants M > 0, (Y > 0 such that 
I L Iv,, -L,,, i; -(, MneWam 
for 71 = 1 ) 2 ,...; m -z 0, 1, 2 ,... . 
It follows that un VIL is a core for L, and the closure of I, is the generator of a 
semigroup of contractions. 
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Proof. By Preliminary 2.1 it is enough to show that 
is dense in X for some h > 0. We assume from now on that L is the closure of its 
restriction to lJn V, . 
Lemma 4.1 implies that we can assume that each L,,, is dissipative, replacing 
-Lo bv -Lo - O(n)1 if necessary. It follows that L,,, generates a norm-con- 
tinuous semigroup t tt etLn.o of contractions on V, . 
To simplify the notation, scale L such that 
1; L Iv, -L,,, I! < ne-““” 
for all n, m, and set L(n, m) = L,#, from now on. 
We will employ a method reminiscent of the Dyson perturbation expansion. 
IfAE I& define inductively 
4)(A) = A, 
and 
ut( I ; l)(A) = Jot ds e(t--h)L(nO+lso)L(no , 1) a,(O)(A), 
4; n, ,...> Q)(A) 
=.i 
t 
ds e(t-s)L(~“+“‘+~~,O)(L(no $ . . . + nk--I , nk) 
0 
- L(n, + ... + nkpI , nA - 1)) u,(k - 1; n, ,..., nk-J(A) 
if k > 2, or if K = 1, n, > 2. Here ni = 1, 2, 3, i = 1, 2 ,..., K. Since the 
restriction of L to each V, is closed and hence bounded, it follows that all the 
operators L(n, m) are bounded. Hence these definitions make sense as Riemann 
integrals, and 
t ++ 4; n1 ,..., n&U 
is a norm-continuous curve in VnO+nI+...+n k for all (k; n, ,..., n,). 
By assumption, the estimates 
11 L(n, + ... + nkpl , nk) --(no + ... + k-l, nk - I)ll 
G IIL Y” +...+nk,_l ” - L(n, + .‘. + n,-, ) n&.)1! 
$lILl ~no-. “+“ih-l -L(n,+ ‘.. +tz,<-I,n,- 1)11 
< (no + . . - + nkpl) 2eaeeolnk 
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are valid. Define M = max{liL(n, , l)l\, I}. By induction we get the following 
estimates for t > 0. 
II %Kw)ll B II A /IT 
il 4, lW)Il < I t I M/I A II, 
and 
II 4; n1 v...> %J(4 
e MIIA II q&l + n,) . . (no + ... + Tz-1) - k! 
e a(%+-~+%)(2e~ p) (*) 
< M,, A ,I eE’no e-&~‘h,+-~+~~) . ’ 
for 0 < 0~’ < (Y. The last estimate follows from 
n&J, + n,) ‘.. (%J + ‘.. + nk-1) 
k! 
~ (no + ” + ?-Q-l)” ty’k 
k! (ylk 
But 
f, . . f, e-b-a’)hl+-.+nk) = (Zl e-(.-L.)n)k 
1 1 
=i 
e-(a-a’) k 
1 _ e-(ol-a') 
and it follows that 
converges as a geometric series in t for t E [0, to), where 
t 
0 
= cy’(1 - &-a’)) 
2&+-a’, 
is independent of ns . Define 
Q(K, N)(A) = o,(O)(A) + 2 f .” 2 ut(k; n, ,-.., nk)(A)* 
k=ln+ 7lpl 
It follows from the previous estimates that 
44 = Npm Q(K N)(A) 
exists for all t E [0, to), uniformly for t in compact subsets of [0, to), and 
t H T,(A) is continuous. (Note that if we had assumed only /IL Iv, - L,,, /I < 
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O(fq e-am with ,B > 1 the proof would break down at this point. A priori 
T,(A) depends on n, in addition to t and A, and we will choose a fixed q, < n,(A) 
for each A. A posteriori T,(A) is independent of n,; see Remark 1 after this 
proof.) 
Note that 
ut+@; n1 ,..., %)(A) - ut(k n1 ,...> %)(A) 
=s 
t+s 
ds e(t+6--s)L(n~+...+ng.0)(L(no + . . . + nk-l , nk) 
~L(n,+-~-+n,~,,n,-l)}o,~(k-l;n,,...,n,-,)(A) 
+ it d4e (t+s-s)L(n,+...+n,.o) _ e(t--n)L(no+...+n~,O) > 
x (L(n, + ... +~,-l,~,)--L(~o+..~+~,-l,~,--I)~ 
x o,(K - 1; 121 ,..., ?q+J(A) 
and as all L(n, vz) are bounded, it follows that t F+ a,(R; n, ,..., n,)(A) is con- 
tinuously differentiable with 
and 
d 
x 44 111 Y...> %)(4 
= {-qn,, + ... + Q-1, nk) -Jqn, + ... + $.l, nk - I)} 
x ut(k - 1; n, ,...) n,-,)(A) 
+ ‘+a + ... + f$ , 0) ut(k n1 ,..., Q)(A). 
Hence 
+ 2 +a + % 9 N) 41; %V) nl=l 
+ f 2 JY% + % + %!,O) 42 n,, %X4 
?I,=1 n,=1 
5w35/3-6 
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and by induction 
; TtW, w4 
=z L(n, ) N) q(O)(A) 
.N N 
+ 1 .” 1 qn, + a1 + ... t fiK 9 0) ut(K; n1 ,..., n,)(A). ,!,4 nK=l 
It follows that 
; (TtK wo - -wK W(4) 
== (L(n, , N) ~ L) u,(O)(A) 
+ f f ‘.. ; (I+,, -c n, + ... + ?zk , Iv) -L} q(k; n, )...) n,)(A) 
k=l 7r,=l 11,<.=1 
t ,, ‘.. f {L(n, + .‘. + TZK, 0) -I.; u,(K; 72, )..., n&4). (**) 
1 VIK=l 
Estimate (*) implies that 
‘I{L(n, $ ... + nk , IV) - 1,) q(k; n, ,..., np)(A)Il 
< MI! A /I 
n&b + nd ... h + ... + nk) e-R(nli...+n~+~)(2e~t)~ 
k! 
< M,, </j 1, nneh . e-mN . ,-(a-a’)(n +...+d . ~ 
f 1 
2eb t x 
cy’ 
. 
Hence, as earlier, we get the estimate 
< const ePN & 
0 
for t E [0, to). 
Similarly, from (*), 
l{L(n, + ... + nK, 0) -L} u,(K; n, ,..., n&4)1! 
... ... < MII ,4 ‘1 n&k + 4 (nn + + nd 
K! 
e-ahl+...+nK) (2e*t)K 
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and hence 
f, ... 5 IIw% + ... + nK, 0) -L} ut(K; n, ,..., n,)(A)11 
1 nK=l 
< const (f )“. 
0 
It follows from this and (**). (***) that 
and by integration we get 
~const~ro~PN(log(l -$)-log(1 -;tl-,) 
+ &+T (($,“” - ($)K+1)/ 
for 0 < s < t < t, . Since 
exists, uniformly for t in compact subsets of [0, to), it follows from the last 
estimate and the closedness of L that $ du r,(A) E D(L) and 
T,(A) - 7,$(A) = L (f du 44) (1) 
x 
for 0 < s < t < to. We next deduce that 
is nonincreasing in t. 
t E [Q to> H I/ 44 (2) 
To show this, we define regularized elements 
+,) = j-’ ds . ~t+sW 
0 
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for t E [0, t, - l ). (Warning: the notation 7,(/l,) may be misleading; t e T,(A,) 
should at this stage be viewed as a curve in X. The same remark applies to 
T,(A).) It follows that t i--f 7,(/l,) is differentiable with derivative 
Furthermore, by (I), 
=Lij s ’ ds tf ‘p’” du T,(A)). 0 + 
Dividing by S and letting S + 0 we use the closedness of L to derive 
But as L is dissipative we have, by Preliminary 2.1, 
for all S > 0, i.e., 
and hence 
or 
It follows that t + 11 7,(A,)l! must be nonincreasing, and as 
t it i/ ~,(A)11 is nonincreasing, and we have proved (2). 
To finish the proof of Theorem 4.2.1, assume ad absurdum that R(X - L) 
is not dense for some h > 0. Then there exists a linear functional f E X* such 
that llfll = 1 and 
f((A - L)B) = 0 
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for all B G D(L). In particular it follows from (1) that 
or 
But this implies that 
f(~@)) = eAtfW 
for t E [O, to). Since (J,, V, is dense in X, there exists an A E & V, such that 
A # 0 and 
It follows that 
and hence 
f(A) > eMAtoj3 I/ A /I. 
~(T(~,~)~&A)) = e(2’3)‘ty(A) 2 eAtoi3 11 A /I 
II w.7)r,(A)ll > !I A II. 
But this contradicts (2). This contradiction ends the proof. 
Remark 1. If t E R+ H U, is the one-parameter group of contractions 
genrated by L, then it follows from the differential equation 
established in the proof, that lJ,A, = T&Q for t E [O, to - c> and hence 
U,A = T,(A) by continuity. Thus the perturbation expansion 
lJ,A = A + f f ..* f q(k; n, ,..., n,)(A) 
k=l n,4 VLi=l 
is valid when A E Vn, , no = I, 2 ,..., and t E [0, to). 
It is instructive to consider this perturbation expansion whenL has finite range 
in the sense that 
In this case one may choose L,,,, = L IV, for m = 1,2,..., and consequently 
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/IL iv - L,,,, // = 0 for m = 1, 2,. . . . Hence all terms in the perturbation 
expaision vanish except one term for each k, namely, 
$‘(A) = q(k; 1, I,..., l)(A) 
and the inductive definition of vi’)(A) becomes, with L,,, = L,,,,. , 
$“(A) = A4, 
and 
$‘(A) = [ ds ect-‘)%+*(L - Lnofk-J a?-“(A) 
for k = 2, 3,... . Here the analog with the Dyson perturbation expansion is clear 
[l]. Relation (**) now reduces to 
and one has an easier time obtaining (1). 
Remark 2. Set L, = L,,, . If all the operators L, are dissipative it does not 
follow from the hypothesis of Theorem 4.2.1 that etLn converges to etL, since one 
can always make bounded perturbations of L, without violating the hypothesis. If 
follows, however, from Preliminary 2.4 that if, for example, 
i;L Iv, --L n+m I v,, ‘1 < O(n) e-lr’lr 
then (by fixing n and latting m tend to infinity) 
etL,t A + etLA 
for all A E Un V, , and all t E [0, CO), uniformly for t in compacts. 
In particular, let 41 be a C*-algebra with identity, and ‘8, an increasing 
sequence of sub-C*-algebras of ‘9I such that Un ‘u, is dense in ‘?I. Let 6 be a 
*-derivation of ‘$1 with domain D(S) = un 211, let K, = Kz E ‘$11, for each n, 
and assume that there exists an CL > 0 such that 
for 72 = 1, 2 ,..., m = 0, I,... . 
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Then *6 are dissipative by [7, Theorem 21, and hence the closure of 8 is the 
generator of a one-parameter group 7 of *-automorphisms of Cu such that 
TV = ]im eitKnAeeffKa 
lT”U 
for all A E ‘8, t E [w. This may be the most important corollary of Theorem 4.2.1. 
Remark 3. Theorem 4.2.1 can be extended to the case 
ll L I vn - L,, Ii < W(n)) e+(m) 
for some function f which is monotone, 
fk + 1) 3 f(n) > 0; 
satisfies a slow growth condition, 
f (n + 4 < f (4 + f(m); 
and also a rapid growth condition, 
m 
72 = 0, I,..., 
n, m = 0, 1, 2 ,..., 
& e-h-a’)f(n) < +co 
for some CY’ with 0 < 01’ < 01. The proof of this extension is essentially the same 
as the old one. An interesting particular case is 
where CY > 1. 
The main application of Theorem 4.2.1 and Remark 2 is to quantum lattice 
systems [13-161. To each point x E Zy, where v is the dimension of the lattice, is 
associated a ful matrix algebra 5&, and all the QKI, are isomorphic. If A is a finite 
subset of P, define 
‘LT, = @,I 2K,. 
XEA 
One then has natural embeddings ‘9fA, _C 2fA, for A, CA,, and defines % = 
uA ‘QIzn as the C*-inductive limit of the ‘Un [17]. The dynamics of the system is 
specified as follows. To each nonempty finite subset XC hY is associated an 
interaction @p(x), i.e., a(x) is a self-adjoint element in au,, and for each finite 
subset A _C Zy a Hamiltonian H,(A) is defined by 
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If // Q, !j2 = Xx33: /\ Q(X)\\ < + a3 for each x E H”, it is easy to deduce that 
exists for all A E tin 21, , and defines a closeable *-derivation. Robinson [13, 14] 
proves that if 
C sup C /I @(X)11 eAn < +co 
n>o 9EP xas 
jX[=?l 
(-1 
for some h > 0, then the closure of S, is the generator of a one-parameter group 
of *-automorphisms of 2I. Here 1 X / is the number of elements in X. (In [13, 141 
it is actually stated that the condition is 
sup C ‘1 @(X)11 e”lxi < +co, 
XOZ” xsr 
but a careful examination of the proof reveals that it is the condition stated here 
which is used.) In fact, (*) implies that all elements in un 21c, are analytic for 
So . A curious circumstance is that (*) gives no restriction on the range of @, 
because P serves only as an index set in the derivation of Robinson’s result. 
In order to derive more detailed properties of the dynamics, such as dispersion, 
etc., one must impose range-dependent properties on the interaction @, and this 
is done in [ 151. But the condition used in [15] is more special than (*), and any 
of these conditions implies that 
sup Ii @(X)11 < +a. 
XCP 
This in turn implies for finite or short-range interactions that the surface energy 
of a finite volume II, 
ww = c @P(X), 
X 
xnn# m 
XAAC# 0 
grows at most linearly with the surface, but it also implies that the surface 
energy per unit area is less than some fixed constant everywhere on the surface. 
We next show that the existence of time development follows for two-dimensional 
quantum lattice models even when the surface energy blows up in certain direc- 
tions, provided that the average surface energy per unit area E(M)/1 S/l 1 
remains bounded. As remarked in [6], the elements in (Jn 21, are not necessarily 
analytic for S0 in these circumstances. 
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COROLLARY 42.2. Let 2l = (Jn ac, be the C*-algebra associated to a quantum 
lattice system over Zv, let 0 be an interaction on 2f such that 
for each x E Zy, and let 
for A E UI1 QI, be the associated erivation. Assume that there exist an increasing 
sequence A, of Jinite subsets of Zv such that A, --f CO and an 01 > 0 such that 
II C X CD(X) I! < O(n) e-am. 
xnn,z 0 
xnn;+,+ 0 
It follows that the closure of S0 generates a one-parameter group r@ of *-automor- 
phisms of 2I and, furthermore, 
7t~(A) = lim eitH~(A)Ae-itH~(A) 
n+n 
for all A E ‘QI and t E [w, uniformly for t in compacts. 
Proof. We have in this case 
X 
Q(X) /I < O(n) e-“m. 
xnn,z 0 
XnA,+,# 0 
Thus Remark 2 after Theorem 4.2.1 applies. 
Remark 1. Note that in the situation covered by Corollary 4.2.2, the one- 
parameter group t ++ rt@ admits KMS states for all real values of the inverse 
temperature /3, and there exists also at least one ground state [I 1, 131. In fact the 
general results in [II] can be extended slightly in the case of separable C*- 
algebras W If 6 is the generator of a one-parameter group 7 of *-automorphisms 
of 8 in this case and 6 is the graph limit of a sequence 6, of bounded derivations 
of rU, then there exists a sequence K, = Kz E 5X such that 8 is the graph limit 
of SiK, and consequently, by Preliminary 2.3, 
for all A E ‘8 and all t E Iw, uniformly for t in compacts. This is because the 
separability of ‘8 implies that any bounded derivation of ‘8 is the graph limit of a 
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sequence of inner derivations [21], and hence one can use Cantor’s diagonaliza- 
tion procedure to exhibit 6 as the graph limit of a suitable sequence of inner 
derivations. Thus, if 2I has an identity and 2I admits a finite trace, the group 7 
has p-KNIS states for all /3 E [w U {*co>. 
It would be interesting to see if the methods used in [IsI could be used to 
give an independent proof of Corollary 4.2.2. 
Remark 2. We end with a pathological example which shows that one cannot 
replace O(n) with O(ns) in Corollary 4.2.2. The example is rather crude, and it 
should be interesting to obtain finer estimates. 
Let ?I = & ‘!& be the UHF algebra such that ‘& is isomorphic with the 
C*-algebra of 2” x 2” complex matrices. There exists a *-derivation 6 of 2I 
defined on (Jn 21zI,, and bounded derivations 6, on ?ln such that 
but the cIosure of 6 is not a generator. 
Example 3 in [5] exhibits a Hilbert space X, an increasing sequence of finite- 
dimensional subspaces 3, such that dim(W,) = n and (Jn X, = X, a symmetric 
operator H defined on Un X, , bounded symmetric operators H, on X, such 
that HX, C Xn+, for ail n, and j( H /x9, - H, 11 < U(n2j but N is not essentially 
self-adjoint on Un 3, . 
We can identify 9l = lJn 21, with 21(X) -= (Jn 21(X,) where 2l(‘%) is the 
CAR algebra over the Hilbert space ‘iQ [lo]. Let 6 be the quasi-free derivation 
defined by H; i.e., S is defined on polynomials in annihilators a(f) and creators 
a*(g) withf, g E (Jn X, by the requirement that 6 be a *-derivation and 
It is easy to show that the closure of a quasi-free derivation 6 is a generator if 
and only if H is essentially self-adjoint, and in this case etb is the Bogoliubov 
automorphism determined by eitlY. (The sufficiency is clear from the formula 
[I a( f )/I = (1 fi\, and conversely if S is a generator, then (1 3 S)(D(S)) is dense in 
‘9I. It follows that the set of (1 + S)(a*( ,f))Q = a*((1 f iH)f)Q, wheref E D(H), 
is dense in the one-particle subspace in the Fock representation, where Q is the 
Fock vacuum, because any element in D(S) is a polynomial in a*(f)‘s and 
a(g)‘s with the a*(f )‘s to the left, and f, g E D(H). Thus (1 * iH)(D(H)) is 
dense in Fock space, and H is essentially self-adjoint.) Hence the closure of 
our S is not a generator. 
Let 6, be the quasi-free derivation determined by H, . Then on the anti- 
symmetric Fock space over X, S and 6, are the derivations implemented by 
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i dI’(H) and i dr(H,,), w h ere dl’ is Segal’s second quantization map. But each 
‘%(X,) is faithfully represented on the antisymmetric Fock space 5~(S,) over 
5, , and as 5~(X,) admits at most tl distinct particles it follows that 
It follows easily from S(%,) C &+,, that 
II 6 /a, - 6, /j < O((n + 4)3) = O(n3). 
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